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We consider the following system of simultaneous differential equations in terms of
four components u, v, w and x and a vector functionf.

U+ lw+mw+nx =u

u—v +pw+qx =puv

mu+pv+iw +rx) =vw

nu+qv+rw—ix' =nx
whereu, v, w, x are functions of u,l, m,n,p,r are real valued continuous functions of
t,A, u, v, are parameters which may be real or complex,te[a, b],i = V-1, and dashes
denote derivatives w.r.t. t.
Theorem: The system (1,1) of differential equations yields (admits) a unique solution

6(t) = (uvwx)t(t)

satisfying the initial conditions

ut(a) = A4
AD(a) = B,
w(a) = C,
and x(a) = D,2

whereA;B,(x = 0,1),Cy,D, are arbitrary constants (real) or complex) not all
vanishing simultaneously, T denotes transpose (s) denotes sih derivatives w.r.t. t and
asla, b].
Proof. The system of differential equations (1.1) and set of initial conditions (1.2) may
be alternatives written as:
ut =—-lv—mw—-—nx+ Au
vy =lu+pw+qgx —uv
w = imu+ ipv + irx — ivw’
x =inu— iqu — irw + inx
(u(@),u(@), v(a), w(a), x(a)) = (AgA1ByB1CyDy)
Futher for a vectorV letV'T denote the transpose ofV and
VT = (uu'vv'wx)
where dashes denote derivatives w.r.t. t, then (1.3) and (1.4) have their respective
equivalent form as:
VT (t) = F(T)V(T)

and
V(a) = (4gA1ByB;CyDy)"
Where
0 1 O 0 0 0 T
A 0 =2 0 - m -—m
0 0 O 1 0 0
FO=11 "0 —u 0 p gq
im 0 ip 0 iv ir
l—in 0 ig 0 —ir inl
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Since V and F both are complex, hence we can write them as
V=V+il,
and
F =F, +iF,
Wherel;, V, andF;, F, are real matrices.
With the help of (1.6) we get from (1.5)

wo=[g S ]W(t)
Where

w =

Vl] wy = [V2(@) (1.7)

Vol ™0 V,(a)
By Picard’s theorem (Chapter 1 and 2 of ref 1, the expressions (1.7) yields a unique
solution¢ (t) = (u(t)v(t)w(t)tx(t))T depending analytically onA.

This proves the theorem.

2. Construction of boundary condition vectors

We use the symbol
0@ =u()v (w7

= (www)’ (a,x)
(a,xela, b])to denote a solution of (1.1) satisfying the following set of conditions:
(w(a/x))x=q =ula/a) = Ag
(W'(a/x))y=o =u'(a/a) = 4
(w(a/x))x=o = v(a/x) = A,
and
(w(a/x))x=a = wla/x) = A3
WhereA, (s = 0,1,2,3) are arbitrary constants (real or complex).
Further, we use above symbols and

X (a/x) = u,(a/x)v (a/xIw (a/x)"

yo(b/x) = (ur (g) /4 (g) W, (g) T(r=1to 4))

be vector solution of (1.1) satisfying the conditions atx = a andx = b respectively as:
w(aja) = i,v;(a/a) = 0,w;(a/a) = 0,u;(a/a) =0
uy(aj/a) = i,v,(aja) = i,wy(a/a) = 0,uy,(a/a) =0
us(a/a) = 0,v3(a/a) = i,ws(a/a) = 0,us3(aj/a) = 0
us(aj/a) = 0,v4(a/a) = 0,ws(a/a) = 0,uy(a/a) =0
to proof thatD(d) = Prs (d) is a real quantity.
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