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We consider the following system of simultaneous differential equations in terms of 
four components 𝑢, 𝑣, 𝑤 and 𝑥 and a vector function𝜃. 

𝑢′′ + 𝑙𝑣 + 𝑚𝑤 + 𝑛𝑥 = 𝜆𝑢 
𝑢 − 𝑣′′ + 𝑝𝑤 + 𝑞𝑥 = 𝜇𝑣 

𝑚𝑢 + 𝑝𝑣 + 𝑖𝑤 ′ + 𝑟 𝑥 = 𝑣𝑤 
𝑛𝑢 + 𝑞𝑣 + 𝑟𝑤 − 𝑖𝑥 ′ = 𝜂𝑥 

where𝑢, 𝑣, 𝑤, 𝑥 are functions of 𝑢, 𝑙, 𝑚, 𝑛, 𝑝, 𝑟 are real valued continuous functions of 

𝑡,𝜆, 𝜇, 𝑣, 𝜂 are parameters which may be real or complex,𝑡𝜀 𝑎, 𝑏 , 𝑖 =  −1 , and dashes 
denote derivatives w.r.t. 𝑡. 
Theorem: The system (1,1) of differential equations yields (admits) a unique solution 

𝜃 𝑡 =  𝑢𝑣𝑤𝑥 𝑡 𝑡  
satisfying the initial conditions 

𝑢𝑡 𝛼 = 𝐴1  

𝐴 𝑡  𝛼 = 𝐵1 
𝑤 𝛼 = 𝐶0 

and      𝑥 𝛼 = 𝐷𝑡2  
where𝐴1𝐵𝑡 𝑥 = 0,1 , 𝐶0 , 𝐷0  are arbitrary constants (real) or complex) not all 
vanishing simultaneously, T denotes transpose (s) denotes sih derivatives w.r.t. 𝑡 and 
𝛼𝜀 𝑎, 𝑏 . 
Proof. The system of differential equations (1.1) and set of initial conditions (1.2) may 
be alternatives written as: 

𝑢𝑢 = −𝑙𝑣 −𝑚𝑤 − 𝑛𝑥 + 𝜆𝑢 
𝑣𝑢 = 𝑙𝑢 + 𝑝𝑤 + 𝑞𝑥 − 𝜇𝑣 

𝑤 ′ = 𝑖𝑚𝑢 + 𝑖𝑝𝑣 + 𝑖𝑟𝑥 − 𝑖𝑣𝑤 ′  
𝑥 ′ = 𝑖𝑛𝑢 − 𝑖𝑞𝑣 − 𝑖𝑟𝑤 + 𝑖𝜂𝑥 

 𝑢 𝛼 , 𝑢 𝛼 , 𝑣 𝛼 ,𝑤 𝛼 , 𝑥 𝛼  =  𝐴0𝐴1𝐵0𝐵1𝐶0𝐷0  

Futher for a vector𝑉 let𝑉𝑇  denote the transpose of𝑉 and 
𝑉𝑇 =  𝑢𝑢′𝑣𝑣′𝑤𝑥  

where dashes denote derivatives w.r.t. t, then (1.3) and (1.4) have their respective 
equivalent form as: 

𝑉𝑇 𝑡 = 𝐹 𝑇 𝑉 𝑇  
and 

𝑉 𝛼 =  𝐴0𝐴1𝐵0𝐵1𝐶0𝐷0 
𝑇  

Where 

𝐹 𝑡 =

 
 
 
 
 
 

0 1 0
𝜆 0 −𝜆
0 0 0

0 0 0
0 −𝑚 −𝑛
1 0 0

1 0 −𝜇
𝑖𝑚 0 𝑖𝑝
−𝑖𝑛 0 𝑖𝑞

0 𝑝 𝑞
0 𝑖𝑣 𝑖𝑟
0 −𝑖𝑟 𝑖𝜂  
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Since 𝑉 and 𝐹 both are complex, hence we can write them as 
𝑉 = 𝑉1 + 𝑖𝑉2  

and 
𝐹 = 𝐹1 + 𝑖𝐹2 

Where𝑉1 , 𝑉2  and𝐹1, 𝐹2 are real matrices. 
With the help of (1.6) we get from (1.5) 

𝑤 ′ 𝑡 =  
𝐹1 −𝐹2

𝐹2 𝐹1
 𝑤 𝑡  

Where 

𝑤 =  
𝑉1

𝑉2
 𝑤0 =  

𝑉1 𝛼 

𝑉2 𝛼 
    (1.7) 

By Picard’s theorem (Chapter 1 and 2 of ref 1, the expressions (1.7) yields a unique 

solution𝜙 𝑡 =  𝑢 𝑡 𝑣 𝑡 𝑤 𝑡 𝑡𝑥 𝑡  
𝑇

 depending analytically on𝜆. 

This proves the theorem. 
2. Construction of boundary condition vectors 
We use the symbol 

𝜑 𝑎/𝑥 = 𝑢  
𝑎

𝑥
 𝑣  

𝑎

𝑥
 𝑤  

𝑎

𝑥
 )𝑇 

=  𝑢𝑣𝑤 𝑇 𝑎, 𝑥  
 𝑎, 𝑥𝜀 𝑎, 𝑏  to denote a solution of (1.1) satisfying the following set of conditions: 

 𝑢(𝑎/𝑥) 𝑥=𝛼 = 𝑢 𝑎/𝑎 = 𝐴0  
 𝑢′(𝑎/𝑥) 𝑥=𝛼 = 𝑢′ 𝑎/𝑎 = 𝐴1  
 𝑣(𝑎/𝑥) 𝑥=𝛼 = 𝑣 𝑎/𝑥 = 𝐴2 

and 
 𝑤(𝑎/𝑥) 𝑥=𝛼 = 𝑤 𝑎/𝑥 = 𝐴3  

Where𝐴𝑠 𝑠 = 0,1,2,3  are arbitrary constants (real or complex). 
Further, we use above symbols and 

𝑋𝑡 𝑎/𝑥 = 𝑢𝑡 𝑎/𝑥 𝑣𝑡 𝑎/𝑥 𝑤𝑡 𝑎/𝑥 𝑇 
and 

𝑦0 𝑏/𝑥 =  𝑢𝑟  
𝑏

𝑥
 𝑉𝑟  

𝑏

𝑥
 𝑊𝑟  

𝑏

𝑥
 𝑇 𝑟 = 1 𝑡𝑜 4   

be vector solution of (1.1) satisfying the conditions at𝑥 = 𝑎 and𝑥 = 𝑏 respectively as: 
𝑢1 𝑎/𝑎  = 𝑖, 𝑣1(𝑎/𝑎) =  0,𝑤1(𝑎/𝑎) = 0, 𝑢1

′ (𝑎/𝑎) = 0 
𝑢2 𝑎/𝑎  = 𝑖, 𝑣2(𝑎/𝑎) =  𝑖, 𝑤2(𝑎/𝑎) = 0, 𝑢2

′ (𝑎/𝑎) = 0 
𝑢3 𝑎/𝑎  = 0, 𝑣3(𝑎/𝑎) =  𝑖, 𝑤3(𝑎/𝑎) = 0, 𝑢3

′ (𝑎/𝑎) = 0 
𝑢4 𝑎/𝑎  = 0, 𝑣4(𝑎/𝑎) =  0,𝑤4(𝑎/𝑎) = 0, 𝑢4

′ (𝑎/𝑎) = 0 
to proof that𝐷 𝑑 = 𝑃𝑟𝑠  𝑑  is a real quantity. 
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